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ABSTRACT 

Following closely the Laplace operator method of M. Gromov and V. D. 
Milman (1983), we slightly improve their general estimate of the concentra- 
tion function c~(X; e) of a compact Riemannian manifold X by showing that 

a(X; e) ~ Cexp( - cex~oo log(1 + ex~o)) 

for numerical constants C, c > O, where po > 0 is the hypercontractive 
constant of the Laplacian on X. 

Let (X, d) be a compact metric space and let # be a probability measure on X 
equipped with its Borel a-algebra. The concentration function a(X; e)= 
a((X, d,/~); e), e > 0, of  the metric space (X, d) with respect to the probabi- 
lity measure # has been introduced by M. Gromov and V. D. Milman [G-M] 

(see also [M-S], [Mi]) as 

a(X; 8) = 1 - inf(#(A,);  A Borel subset of X,/~(A) > ½} 

< 8  where A, = {x E X; d(x, A) = }. In terms of functions, if f is Lipschitzian on 

(X, d) with Lipschitz norm II filLip, and i f M  I is a L6vy mean or median of  f 
for #, i.e. # ( f >  M I) > ½, /~(f<  M I) >= ½, then, for all e > 0, 

# ( I f -  Mfl <-_ e l[ filLip) > 1 -- 2a(X; e), 

so that f i s  concentrated around its median at a rate given by a(X; e). 
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As investigated by the preceding authors, for a number  of families (X, d, #), 
the concentration function a(X; ~) turns out to be extremely small when e 
becomes large (the range of interest for the values ofe being of course up to the 
diameter of X). In particular, many of them happen to have a normal con- 
centration function in the sense that, for all e > 0, 

a(X; e) < Cexp( - c~ 2) 

for positive constants C, c (possibly depending on (X, d,/x)). For example, i fX  
is the Euclidean sphere S; of radius r and dimension n ( > 2) equipped with the 
geodesic distance d and the rotation invariant probability measure tr;, the 
isoperimetric inequality on $7 (see e.g. [M-S]) implies that 

(1) a(Sr~;e)< ~ /~exp  ( n - 1  ) 
= 2r 2 e 2 .  

The various methods used so far to show that a concentration function is small 
are described in [G-M], [M-S], [Mi]. Among them, let us mention especially, 
as we have just seen, isoperimetric inequalities (from which the concentration 
idea was drawn), martingale and probabilistic inequalities, Laplace operator 
techniques, etc. 

This note is concerned with the Laplace operator method on compact 
Riemannian manifolds. Let thus X denote a compact connected Riemannian 
manifold of dimension n ( > 2) with Riemannian metric d and normalized 
volume element/z. 

Under  geometric assumptions on the curvature, deep isoperimetric theo- 
rems yield a normal concentration function of X. Denote by R(X)= 
inf~ Ric(r, r) the infimum of the Ricci curvature of X, where Ric is the Ricci 
tensor and the infimum runs over all unit tangent vectors (see [B-G-M]). 
Assume that R (X) > 0 and let r be such that R (X) = R ($7) = (n - 1 )/r 2. Then, 
the L6vy-Gromov isoperimetric inequality ([Gr], [M-S]) expresses that for all 
Borel sets A in X, and all e > 0, 

/~(A~) > G" (B,) 

where B is a ball (cap) of the Euclidean sphere S~" such that ~t(A) = a~'(B). This 
isoperimetric inequality, which extends the one on the sphere, yields as in (1), 
by an appropriate estimate of the measure of a cap, the concentration 

(2) ~(X; e) < ~ / / ~  exp ( -  R(X) ~ ) .  
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[The L6vy-Gromov inequality has been further extended in [B-B-G] and [Ga] 

to the case of a non-necessarily positive lower bound on the Ricci curvature. 
Besides improvements involving the diameter d(X) of X on the case R (X) > 0 

itself, one deduces again normal concentration. More precisely, it follows from 

[Ga], Th6or~me 6.16, that, for all e > 0, 

a(X; e) <= exp 

where, when R (X) = O, 

q(x)= 

r.(X) 2 2) 

nd(X) 

2(09n/2) TM 

and a~, = vol(S")lvol(S "-I) = 2 S0n/2 cos"- ~ tdt, and when - ~  < R ( X )  < 0, 

r,(X) is such that 

where 

. - ,  ( (°. 
~-(--X72 = - R(X) min a ~ - - ~ ' \ a ~ - - ~ l  /1 

a,(X) = f o dtx)t-Rtx)/(" -~)),,2 (ch 2t) (" -°12dt.] 

What can be said on the concentration function a(X; e) of a compact 

Riemannian manifold X when no lower bound on the Ricci curvature is 

available? As shown in [G-M], the first non-trivial eigenvalue of the Laplace 

operator may be used to this aim. Let A be the Laplace-Beltrami operator on 
X. - A  has a discrete spectrum consisting of  the eigenvalues 0 <2 t  < 
#~2 ~ ' ' ' '  In particular, the minimax principle characterizes the first non- 
trivial eigenvalue /11 = 2~(X) of X as the largest constant in the Poincar6 

inequality 

;~, f i i -  S idu i ~ d .  <-_ +< - M ,  i )  = f I V/ i~d. (3) 

which holds for all smooth enough functions f o n  X. Let then (~ > 0 and A, B 

be two Borel subsets of X with positive measures a =/~(A), b = #(B), at a 

distance larger than ~ (i.e. d(x, y) >= ~ whenever x CA, y ~B).  Applying the 

preceding Poincar6 inequality to the function 

. . . .  + min(d(x, A), ~), 
a 6 
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and iterating appropriately the resulting equation, M. Gromov and V. D. 

Milman [G-M] showed that the concentration function of X can always be 

estimated using 21 = 21(X) as 

(4) a(X; e) <= Cexp( - c v/-~l e) 

(with C -- ~, c -- log(1)). While this more general result does not allow one to 
recapture the estimates in case of a lower bound on the Ricci curvature 
(for example 21(X)>_-21(S~")= n/r z where r is such that R ( X ) = R ( S T ) =  
(n - l)/r 2, with equality only if X is isometric to Sr", cf. [B-G-M]), the 

discussion in [Mi] however indicates that it is essentially of the best possible 

type in general. 

The purpose of this note is to slightly improve the preceding general result 

by use of another geometric invariant of  the Laplace operator, namely its 

hypercontractive constant. O. S. Rothaus [Ro 1] showed that for the Laplace 

operator A on the compact Riemannian manifold X, there exists p > 0 such 
that whenever 1 < p < q < ~ and t > 0 satisfy Nelson's hypercontractive 

condition [Ne] 
> ( q - - l ~  1:2 

then 

II e-t~x 1 

where II • denotes the operator norm from LP(dlt) to Lq(dp). The best 

possible value P0 = po(X) > 0 for this property to hold is called the hypercon- 
tractive constant of  X (or of  A on X). 

In the spirit of  the connection between 21 and Poincare's inequality, the 
preceding hypercontractive estimate may be expressed equivalently, as was 
shown by L. Gross [Gro], as a logarithmic Sobolev inequality. We have namely 

that, for any smooth enough function f o n  X, 

(5)  
(Ifl ] p0 f f2 log \[- 2/air < ( -  Af, f )= f , Vfl2all 

where l[ " 112 is the L 2 norm on X. It is easily seen and observed in [Rol] that 

P0 < 21. Indeed, givenfsmooth enough with mean zero, apply (5) to 1 + efand 

let then e tend to 0 to get Poincar6's inequality (3) with P0; hence P0 < ;tl. 
As for the first eigenvalue of - A, it is of  interest to find handy and sharp 

lower bounds of its hypercontractive constant P0. For spheres, it is shown in 
[M-W] that Po(S~)= 21(S~)= n/r 2, while in case the Ricci curvature is 
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positive, D. Bakry and M. Emery [B-E] proved, using probabilistic methods, 
that po(X) >= po(S"~) where, as usual, r is such that R ( X )  = R(S",) = (n - 1)/r 2. 
(Although this has not yet been explicitly described, the latter should be no 
surprise from the Lrvy-Gromov isoperimetric inequality.) Since as a con- 
sequence of the Bochner-Lichnerowicz-Weitzenbrck formula (see [B-G-M]) 
we have that 

½A(I Vfl 2) - Vfo V(Af) >= R(X) I V f l  2 + 1 (A f)2, 
n 

the preceding lower bound on po(X) has been improved by O. S. Rothaus [Ro2] 
(including cases for which R (X) < 0) into 

1 - 1/n 4/n 
po(X) > l/n) 2 21(X). (1 + l/n) 2R(X)+(1 + 

In other words, when R ( X )  > 0 and r 2 = (n - 1)/R(X), 

(1 - 1/n) 2 [ (1 - l /n )  2~ . . . .  
po(X) > po(SrO + \I 1-~n)2 ) /~I( A ). 

= ( 1 +  l / n )  2 ( 1 +  

It follows in particular that ifp0(X)= po(ST), then necessarily 21(X) < po(S"~), 

so that 2~(X) = 21(Sr") and Xis also isometric to S~" in this case. I am grateful to 
M. Emery for this observation that he noticed in the process of the work [B-E] 
as a consequence of some of the computations developed there. 

The result of this note is an improvement of the general estimate (4) of 
a(X; e) in terms of the hypercontractive constant of X. 

THEOREM. Let X be a compact connected Riemannian manifold with hyper- 

contractive constant Po = po(X) > O. Then, for numerical constants C, c > O, 

a(X; e) < Cexp( - cex/~oo log(1 + e ~ o ) )  

for all e > O. 

The proof of this theorem just mimics the argument of M. Gromov and 
V. D. Milman, applying the logarithmic Sobolev inequality (5) to the (some- 
what more convenient) function 

f ( x )  =-1 + _ - min(d(x, A), 6) 
a 8 
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where a = #(A) >/~(B) -- b and A, B are Borel subsets at a distance larger than 
d>O. 

It seems that it has still to be understood what characterizes normal 
concentration of compact Riemannian manifolds. 

PROOF OF THE THEOREM. Let therefore A and B be Borel subsets of X such 
that d(x, y) >= d for all x CA and y EB, and for some 6 > 0 to be specified. We 
assume that a =/~(A) >= ~, hence in particular, b =/z(B) _-< 1 - a _-< ½ _-< a. As 
announced, consider fgiven by 

f ( x ) =  1 + ~ ( ~ - a  - ~)min(d(x,A),d) 

(so that f =  l/a on A , f =  1/b on B and, everywhere, 1 _-< 1/a < f<-_ 1/b). Apply 
to this function the logarithmic Sobolev inequality (5) in the following 
equivalent formulation (homogeneity): 

(;:.) : f 2 1 o g f 2 d l ~ = ~ f  'V f12d~+(: f2d l l )  log • 

We need simply evaluate appropriately the various terms of this inequality for 
the preceding function f.  First, by convexity of x log+x and Jensen's inequa- 
lity, (.)c denoting complementation, 

= a f2 log f2dl~ : f21ogf2dl t  11 og a-- 51 + ~ log ~-~2 + ftA u B)c 

- ~ log ~-~ + f2dlt log uB: ((.4 U B) c) uB: f2d# 

1 1 f2d# log (. 1 1 L u B  f2d/~) = ~ l o g ~  + ~AUe: - -  a - b " 

On the other hand, clearly, 

I Vfl2d/z __< ~ - (1 - a - b) < (1 - a - b) 

while 

f2d 1 + l =; :d.. 
A U B) ~ 

We have thus the inequality 
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11o 1 _ fauB)  f2dit) gb  S +  fAuB) f2d#log(1 1 
- - a  - b  

(6) 2 
< - -  (1 - a - b) + + -~ + f2d# log + - + f2d# . 

po62b 2 usy b uB)" 

On the basis of  this inequality we distinguish between two cases. I f  

l°g(~ + ~ + f(AuB)cf2dl~) <= l°g( l  _ ~ _ b f~oB), f2d#) ' 

that is, if  

I f Z d # > l _ a _ b  
.~ a u B) c ab ' 

then (6) implies that 

1 1 2 

p o f i 2 b  2 

and s i nc e f i s  always less than 1/b and b < 1 - a,  we get that 

(7) 

- < - -  - b )  + + l o g  + l o g - -  = (1 a 
b b 2 pofiZb 2 

2 < m  

=po62b 2 
1 - a  

( , - o  

On the other hand, if  

f ~A f2 d# <= 1 -- a - b 
us) ~ ab 

then, clearly, 

- +  + f2d#<=-- 
a b uB) ~ ab 

so that (6) reads in this case as 

(8) 
I 1 2 1 1 

log - -  =< (1 - a - b) + log - - .  
-b b 2 po6Zb 2 -~ ab 

Let us now fix the choice fi and take 6 = 1/v/~0. Let us assume further to 
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begin with (and actually for simplicity) that a > ~ (and thus b _< 1 - a < ¼). In 
case of (7), we have that 

1 1 < 2  2 1  [ 1 - - a \ l  ( l - - a ) ( 1  ~)  1 
~lOgb2= b2 ( 1 -  a ) - -~ + -~ log ~ - - ~ - )  + a lOg - - ~  + + lOg-a 

Therefore, since a >_- 4 a, 

2 
-<--(1 - a )  - b E 

and thus [ ( l ) ]  
b = < 2 ( 1 - a )  log 

In case of (8), and always for a >___ ~4, 

1 1 1 1 1 1 
~-~ log ~-~ = ~-~ log a + a-b log 

( 4 4 )  1 4 1 1  
~log-~ ~ + ~ ' ~ l o g ~  

so that 
2 1  1 2 
~ • ~ l o g ;  _--< ~-~ (1 - -a ) .  

Since b =< 1 - a, we have thus obtained that, in any case, 

[ (l+a)] (9) b _-< 3(1 - a) log 

Further, this inequality is also satisfied for ½ _-< a < I. 
We can now conclude the proof of the theorem. Let A satisfy/I(A) ~ ½. Set 

~ =  l/x/~0 and define, for n >= l, A(n)--A( ,_I~ (A(1)--A), and B ( n ) =  
(A(n)6) c = (A,~) c. Set further b, ---/~(B(n)) and b0-- 1 -/~(A). We can apply 
(9) to the couples (A(n), B(n)) for each n to get that 

( (10) b.+l _--< 3b, log , n >_- 0. 
On/ 
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We recall at this stage that, by (4), and  since 21 > P0, for all n, 

3 
b. __--< ~ exp ( - n~x/~o log ~)  _--< exp ( -- 3 ) .  

Hence,  for all n _>- 1, 

b, + l < 9 b , / n  

(bl < b0 ___< ½). I terat ion of  this inequali ty yields 

bn+l ~-~.. bl 

It follows that  for some numerical  constants  C, c > 0, 

bn < Cexp(  - cn log(n + 1)) 

for all n >_ 0. [For example,  but  this is not  sharp, one can take C = 103, c = ¼.] 
Let now e > 0; take n > 0 with n~ < e < (n + 1)~. Thus  

1 - p(A,) < b, < Cexp(  - cn log(n + 1)) 

_-<Cexp -~ -~ log  1 +  

as least i f  n >_- 1. I f  n = 0,  

1 - l t ( A . ) < = - ~ = C e x p ( - c l o g 2 ) < = C e x p  t~ 

for appropria te  C, c > 0 (C >_- 1, c < 1). The  p roo f  is complete.  
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